POWER MANAGEMENT

Appendix

(CI{R1+R2)+ C2R2)+ \/(ClRl —C2R2) +CI’(2XRIR2+R2%)+ 2 x CIC2R2’
S =

1 (Eq.A.1)
2x CIC2RIR2
_ (CI{R1+R2)+C2R2) - \/(ClRl —C2R2)’ +CI’(2XRIR2+R2*)+ 2 x CIC2R2® (Eq. A.2)
: 2x CIC2RIR2
A= —CIR2 (Eq.A.3)
J(CIR1-C2R2)* + CI*(2RIR2 + R2%) + 2CIC2R2’
, CIR2
b= - (Eq. A4)
\/(ClRl —C2R2)" + CI’(2RIR2 + R2%) + 2CIC2R2’ q- A
, C2R2-CI(R1+R2)— \v/(ClRl —C2R2)’ + CI’(2R1R2 + R2*) + 2C1C2R2’
C'= (Eq. A.5)
—2\/(C1R1 —C2R2)* +CI°(2RIR2 + R2*)+ 2CIC2R2*
7 C2R2-CI{(R1+R2)+ \/(C1R1 —C2R2)* + CI’(2RIR2 + R2*)+ 2CIC2R2’
= : o Eq.A.6
2\/(C1R1 —C2R2)* + CI*(2RIR2 + R2%) + 2CIC2R2? (Eq. A.6)
2x C2R2
N, = 7 — = 5 (Eq.A.7)
CI(R1+R2)— C2R2 ++/(CIR1—-C2R2)* + CI*(2RIR2 + R2%)+ 2CIC2R2
2x C2R2
N, = — = 5 (Eq.A.8)
C2R2—CI1(R1+R2)— \/(ClRl —C2R2)” + CI"(2RIR2 + R2%) + 2CIC2R2
2% C2R2
N, = — - 5 (Eq.A.9)
CI(R1+R2)—C2R2 - \/(CIRI —C2R2)* + CI*(2R1R2 + R2%)+2CIC2R2
2xC2R2
N, = ; - - - = (Eq. A.10)
C2R2 - CI(R1+R2)++/(CIRI — C2R2)* + CI*(2R1R2 + R2*) + 2C1C2R2
(-
T1=Vc,k1—€ C”“] (Eq.A.11)
_br.
T, =e O (Eq.A.12)
T, = (A" xe™" + B x e ") (Eq. A.13)
_or_
T, =e ©R (Eq. A.14)
T, = (C'xe™®" + D’ xe™"") (Eq. A.15)

T, =(N, xA"xe™" " + N, xB’ xe™"") (Eq. A.16)

T, =(N, xC’'xe™™" + N, x D" xe™"") (Eq.A.17)
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Derivations

Derivation 1
V.
Vi (s)——
S
1
sx Cl

i(s)=

R1+

i,(8)= (V" (8) - Y )sx C2
S

V&, (s)

L)="03

i,(s)+1,(s)+1,(s)=0

\ V. 1 Yo
R1+ s(R1+ )
S X SXCl
1 1 V3
V! (s) % X Q2 | =+ VAXC2
R1+ ? S(RH )
s X Cl1 sxCl
Csz(SZ + S(CZIRI + CllRl + Clez] * ClCZlRlRZJ (\/3)
Vi, (s) X 1 ) Rll e
R2| s+ —— ST CIRI
CIR1 CIR1
\£+V4XC2(S+C11RJ
Ve, (s)=

) 1 1 1 1
C2|s" +s + + +
C2R1 CIR1 C2R2/) CIC2RIR2

Derivation 2

We now factor the denominator of the final equation in Derivation 1. As a quadratic equation we know it has two roots,
but we must show that the roots are real, regardless of the component values selected for C1, C2, R1 and R2. Imaginary
roots in our time-domain equation would indicate the presence of sinusoidal signals, which (intuition tells us) should
not happen with RC circuits.

1 1 1 1
s’ +s + + + =0
C2R1 CIR1 C2R2) CIC2RIR2

) CIR2 + C2R2 + CIR1 1
s"+s A =0
CIC2R1R2 CIC2RIR2
_(CI(RI +R2)+C2R2 ) . (CI(RI +R2)+C2R2 JZ 4
CIC2RIR2 a CIC2RIR2 CIC2RIR2
1,2
’ 2
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POWER MANAGEMENT

Next, we concentrate on the term inside the square root sign, and make sure that it is a positive number, which in turn
guarantees real roots and no sinusoids at the output:

(Cl(Rl +R2)+C2R2 )2 B 4 _ CI*(R1+R2)° +2x C1(R1+R2)C2R2 + C2°R2’ —4CIC2RIR2 _
CIC2RIR2 CIC2RIR2 (CIC2RIR2)
CI’(R1* + 2RIR2+ R2%) + 2CIC2RIR2 + 2CIC2R2* + C2°R2’ —4 x CIC2RIR2 _
(CIC2RIR2)
CI’RI* +2x RIR2CI* + CI’R2* + 2 x CICZRIR2 + 2 x CIC2R2* + C2°R2* — 4 x CIC2RIR2
(CIC2RIR2)
CI’RI* +2x RIR2CI* + CI’R2* — 2CIC2RIR2 + 2 x CIC2R2* + C2°R2?
(CIC2RIR2)

Rearranging the terms of the numerator we get:

(CI’R1’ -2 x CIC2RIR2+ C2°R2%) + 2 X RIR2CI® + CI’R2* + 2x CIC2R2*
(CIC2RIR2)

(CIR1-C2R2)* + CI*(2xRIR2+ R2%)+2 x CIC2R:
(CIC2RIR2)

We see from the last equation that the quantity inside the square root is positive, so the roots are indeed real, and cor-
respond to exponential functions in the time domain. We can see this more clearly after factoring them. Going back to
the equation for roots S, and s,, we get:

_( CLR1+R2)+ csz) + [(CIR1— C2R2)* + CI’(2 X RIR2 +R2%)+2 x CIC2R2’
CIC2RIR2 a (CIC2RIR2)

1,2

_ —(CI(R1+R2)+C2R2) % \/(ClRl —C2R2)” + CI’(2xRIR2 +R2*)+ 2 x CIC2R2’
2x CIC2RIR2

SI,Z

(CI{R1+R2)+ C2R2)+ \/(ClRl —C2R2)’ +CI’(2XRIR2+R2*)+2x CIC2R2*
S, =
! 2x CIC2RIR2

(CI{R1+R2)+ C2R2)— \/(ClRl —C2R2)’ +CI’(2XRIR2+R2*)+2x CIC2R2’
S, =
: 2x CIC2RIR2

Note that the minus sign has been omitted from s, and s,, because we want to represent this quadratic equation in
terms of its roots, in the form (s +5s,)(s +,).

Derivation 3

(C\leilj V4(S " CIIRIJ
V.(s)= +

(s+s)(s+s,) (s+s,)(s+s,)

A’ B’ Cc’ D’
V. (s)=V3 + +V4 +
s+s, s+s, s+s, s+s,

_ (V3XA'+V4xC) (V3xB'+V4xD')

Ve (6) (s+s,) (s+s,)
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where:
1
A= (CleJ 3 —CIR2
s+s, \/(ClRl —C2R2)’ + CI*(2xRIR2 + R2)* + 2 x C1C2R2?
1
. (CZR]) 5 CIR2
s+s, J(CIR1 - C2R2)’ + CI' (2 X RIR2 + R2”) + 2 X CIC2R2’
1
o st CIR1 _ C2R2-CI(R1+R2) - \/(cnu —C2R2)* + CI*(2x RIR2+R2%)+2x CIC2R2’
s+, ~2(CIR1— C2R2)’ + CI’(2 X RIR2 + R2*) + 2 X CIC2R2
1
D - st CIR1 _ C2R2-CI(R1+R2)+ \/(CIRI —C2R2)” + CI*(2R1R2 + R2%)+2C1C2R2’
s+s, 2J(CIR1- C2R2)? + CI*(2RIR2+ R2?) + 2CIC2R2?

s==5,

V,()=(V3x A"+ V4xCe ™ +(V3x B + V4 x D" )e "

Derivation 4
1 V3
V" (s)=1.(s) X ==
a(®=i{) sx Cl1 S
( (vs)
Y% RI 1V
Véll (S) _ c2 (S) x S _ R1 % _3
R1 + 1 o+ 1 sxCl s
CIR1 CIR1
V! 1 V3 1 V3
Vcnl(S): L2(S)X = X +—
CIR1 1 CIR1 1 s
e S| s+——
CIR1 CIR1
Derivation 5 ( 1 J ( 1 )
V3xA’+V4xC’ V3xB’ '+ V4xD’ V3
V(I:TI(S): ( )+( ) % CIR1 —V3 CIR1 L e
(s+s,) (s+s,) 1 1 s
- S+ —— S| s+——
CIR1 CIR1
1 1
(V3><A’+V4><C’)(— (V3XB’+V4xD’) —]
m CIR1 CIR1 71 72 V3
VA (s)= 1 1 A = P
S S
S+s)|st—— S+s,)|s+—— S+—
( 1)( CIRJ ( 2)( CIRIJ CIR1
N1 N2 N3 N4
Vé‘l(s):((V3><A’+V4><C’) + +(V3xB' +V4xD’) % =
1 (s+s,) 1 (s+s,)
S+~ S+——
CIR1 CIR1
71 72 Vv
V3| —+——— +—3)
S b S
CIR1

Www.powerelecironics.com

Power Electronics Technology | July 2006



POWER MANAGEMENT

VI (5) = ((Nl(V3 XA +V4xC)+N3(V3xB +V4xD’")—V3xZ2) . N2AV3xA’+V4xC’) N

(s + 1 ) (s+s,)
CIR1
N4(V3XB'+V4XD) Vi(l- 21))
(s+s,) S
i
N1 \CIRI B 2x C2R2
(s+s,) CI{(R1+R2)—C2R2+ \/(ClRl —C2R2)’ + CI*(2 X RIR2+ R2%)+ 2 x CIC2R2’
1
Na = _\CIRI 3 2x C2R2
(S L1 ) C2R2 - CI(R1+ R2)—/(CIR1 - C2R2)? + CI*(2 X RIR2 + R2?) + 2 X CIC2R2?
CIR1)|__,
L
N3 \CIRI 3 2xC2R2
(s+s,) CI{R1+R2)-C2R2— \/(ClRl —C2R2)* + CI’(2x RIR2 + R2*) + 2 x CIC2R2’
()|
N4 _\CIRI 5 2x C2R2

C2R2-CI{R1+R2)+ \/(ClRl —C2R2)’ + CI’(2x R1IR2+ R2*) + 2 x CIC2R2°

(s+1 )
CIR1
(CIR )
leé

1
s+——
CIR1|

(e
Zzzﬂ |
S

s=-8,

=1

" CIR1

(NI(V3xA’+V4xC)+N3(V3xB' +V4xD’)+ V3) . (N2(V3XA’+V4xC) N N4(V3xB’+V4xD’)
S (s+s,) (s+s,)
CIR1

However, the numerator of the first term in the above equation is equal to zero and thus the voltage of the fly capaci-
tor becomes:

N2(V3xA’+V4xC’) N N4(V3xB’'+V4xD’)
(s+s,) (s+s,)

VL"1 (s)=

Vg] (s)=

VE({t)=N2(V3x A"+ V4axCe™ " + N&(V3x B +V4xD")e ™"
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Derivation 6

17 1 L C2R2V2 ot
— J V., (Hdt = _J‘ V2xe Rgp=—22V4) Tam
03 T T

1 . .
— j V, (Odt=— j ((V3X A"+ VAXC)e ™ +(V3x B’ + V4 x D')e =V )dt =

(V%xA +V4><C)(1 )y (V3xB’ +V4><D)(

e—sle)T)
s, +T s, xT

Derivation 7

Vet = Vo) = jV(l(t = jv”

1 e L
VCIA\’ERAGE :¥J‘(VG(1_6 CIRIJJ’_VlXe CIRI )dt+
0
D

1 . . : .
— f N2(V3X A’ +V4xCe ™ Y + N4(V3X B + V4x D )e ™V ydt =
T 0

(  _or
VDT + CIRI(VI - VG)Ll —e O ]

T +

1| N2(V3xA"+V4xC’ = N4(V3xB'+V4xD’ BT

_[ ( )(1_6*»‘1“—)1)_}_ ( )(l_efale_)l )]

T S, s,
Derivation 8

DT DT TN DT 2xt 2 2xDT

— - V2-C2R2 =

f (VL (1) dt = j (sz e CiR2 J dt= Jf V2 xe Rt = T{l— e CR2 J
0 0 0

DT DT
[(VE@)dt= [ @V3x A+ VAXC)e™ +(VIx B+ VaxD)e ™y dt =
0 0

(V3><A’+V4><C')2(1_€,ZX31X5T)+2(V3><A’+V4><C’)(V3><B’+V4><D')(1 erraTy
2Xs, (s, +s,)
(V3x B’ +V4xD’)

(1 _ e—2><s2 *DT )
2Xs,
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