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Abstract

Bode Plot analysis is usually required to determine the loop compensation for a switchmode power supply.  One of the reasons for choosing a digital power architecture is the ease with which compensation coefficients can be adjusted.  And just like an analog system, measuring the open loop transfer function is key to determining the compensation.  However, the sampled nature of a digital loop must be considered when applying traditional analog measurement techniques to a digitally controlled power stage.  One way to avoid the issues encountered when attempting to make analog measurements of the open loop transfer function for a digital converter is to make the measurements entirely in the digital domain.  In this paper we discuss using the digital controller to make transfer function measurements in situ, that is, in place and without external test equipment.  And from these measurements view the impact of changing the digital compensation coefficients on gain margin, phase margin and bandwidth. 

Introduction

A key activity in the design of a switchmode power supply is determining the composition of the loop compensation.  Usually to perform this activity it is required to know the open loop transfer function for the loop being compensated.  Since the compensator often contains an integrator, it is most convenient to measure the closed loop system response and from this measurement calculate the open loop response.  Then, from the open loop response the metrics of bandwidth, gain margin and phase margin are determined.  This analysis is called a Bode plot.  For a power stage controlled by an analog feedback loop the measurement can be performed by applying external test equipment to the converter that injects a swept sinewave into the loop and measures the response.

One of the reasons for choosing a digital power architecture is the ease with which compensation coefficients can be adjusted.  And just like an analog system, measuring the open loop transfer function is key to determining the compensation.  However, the sampled nature of a digital loop must be considered when applying traditional analog measurement techniques to a digitally controlled power stage.

One way to avoid the issues encountered when attempting to make analog measurements of the open loop transfer function for a digital converter is to make the measurements entirely in the digital domain.  With today's digital controllers, the transfer function measurement can be made in situ (in-place), without requiring the insertion of external signals. 

In situ transfer function measurements are made by constructing a sinewave sequence with a specified amplitude and frequency.  This sinewave sequence is injected into the feedback loop by summing the sequence with one of the loop variables.  At a different place in the loop the response to the injected sequence is measured by performing a discrete Fourier transform (DFT) at the injection frequency.  If the DFT operation includes both a sine and cosine component, the magnitude and phase of the response can be calculated from the orthogonal results of the DFT operation.

This technique is quite versatile.  The injected excitation signal (a numerical sequence) can be applied (summed) with the setpoint reference ahead of the digital compensator or at the output of the compensator ahead of the PWM input to the power stage.  Equations for each case are shown and the sensitivity of measuring the loop at each location is examined. 

A design tool incorporating these techniques to automatically update the difference equation coefficients for the compensator of a digitally controlled power stage is presented.  Significantly, no external test equipment is required to use this tool/technique.  This opens up the possibility of moving the determination of the loop compensation from the lab bench to the factory floor or even to the end customer’s application. 

Transfer Function Measurement 

The techniques for measuring the frequency response for a feedback controlled system are essentially the same whether the system to be measured is a continuous time analog system or a discrete time digital system.  For a digital system it would be nice to utilize the signal processing horsepower of the controller.  So making the measurements in close proximity to the digital compensator is attractive.  Figure 1 shows two possible locations to inject the excitation sine wave signal, labeled as d1 and d2.  The figure also show all the possible locations to measure the response to the excitation signal.  They are labeled y, e, x, c, and u. 

To determine which locations will provide the best frequency response measurement we can calculate the transfer function from the setpoint reference r and from the two possible excitation injection points d1 and d2.  


[image: image1]
Figure 1 System block diagram with excitation signal injection points d1 and d2
To calculate each transfer function, we start with the basic system equations:
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	(equ.  1)


Then solving for y yields:
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	(equ.  2)


Solving for u yields:
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	(equ. 3)


Solving for c yields:
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	(equ. 4)


Solving for x yields:
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	(equ.  5)


And solving for e yields:
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	(equ.  6)


So depending on where we inject the excitation signal and where we measure the response, there are four possible transfer gains:
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	(equ.  7)



Table 1  Summary of transfer gains

	inject
at
	measure at

	
	 y
	u
	c
	x
	e

	d1
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	d2
	
[image: image14.wmf]GH

G

+

1


	
[image: image15.wmf]GH

+

1

1


	
[image: image16.wmf]GH

GH

+

-

1


	
[image: image17.wmf]GH

G

+

-

1


	
[image: image18.wmf]GH

G

+

-

1




We can take each transfer gain and solve for the open loop transfer function G(f)H(f).  This is shown in Table 2.  Note that the equation for the open loop gain includes H(f) when the excitation signal is injected on one side of the compensator and the response is measured on the other side of the compensator.  This is not a serious problem, especially for a digital system, since the compensator H(f) is calculated numerically.  Although this adds computational complexity it can be handled as shown in (equ.  8).
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	(equ.  8)


Table 2  Calculation of the open loop G(f)H(f) for each measurement option

	inject
at
	measure at

	
	 y
	u
	c
	x
	e

	d1
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	d2
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Let's look at the frequency response of each of these transfer gains.  Then we can use this analysis to decide the optimal location to inject a measurement signal and where to optimally measure its response.  

But first we need to define a representative plant model (power stage) and frequency compensating controller.  

Representative Power Supply Design

Let's define a Buck converter stage as shown in Figure 2.  The equation for the small signal AC transfer function for this converter is shown in (equ.  9).
  


[image: image30]
Figure 2 Buck converter
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	(equ.  9)


For representative values, use

Kduty = 24/100;  //volts/% duty

R     = 1800;

C     = 3*22 uF;

Rc    = 0.001;

L     = 0.65 uH;

RL    = 0.058;

This produces a plant with a zero at 2.4 MHz and a complex second order pole at 24.3 kHz with a Q of 1.68.  The gain is defined for purposes of simulating the differences between measurement methods such that the input to the plant is in percent duty cycle and the output is in volts.

The controller consists of a two-pole, two-zero digital compensator.  In this example the compensator zeros are both set to 30 kHz and the poles are set to zero (to form an integrator) and 300 kHz.  The gain of the compensator, defined at 1 kHz, is 43 dB.  The digital sample rate is set to the PWM switching frequency of 700 kHz.  
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	(equ.  10)


Figure 3 shows the simulated open loop transfer function for the representative system.  So now let's use this system to evaluate the four transfer gains defined in (equ.  7).  
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Figure 4 shows the four transfer gains.  The G/(1+GH) trace has the lowest gain; at best its gain is -20 dB.  This means that you would have to inject a large signal to get a small amplitude at the measurement location--not good.  The 1/(1+GH) trace has a low gain at low frequencies but a gain at or above 1.0 for high frequencies.  Likewise the GH/(1+GH) trace has good gain at low frequencies and low gain at high frequencies.  Finally, the H/(1+GH) trace is the transfer gain seen when injecting the excitation signal at the input to the compensator and measuring it at the output of the compensator.  In this case we get to utilize the gain in the compensator and it has the highest measurement gain.  
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Choosing the Excitation Signal and Measurement Signal Locations

From Table 1 we see that if the excitation signal is injected either before or after the compensator and then measured on either side of the summing junction where the signal was injected, the transfer gain is -GH / (1+GH) before the summing junction and 1 / (1+GH) after the summing junction.  If the excitation signal is injected after the compensator and measured before the compensator the gain is G / (1+GH).  If the measurement signal is injected before the compensator and measured after the compensator the gain is H / (1+GH).  

So far we have shown that the open loop transfer function can be measured by injecting the excitation signal either before or after the compensator and we can calculate the open loop response from the closed loop response measured at locations y, e, x, c or u.  For purposes of illustration, lets choose an injection and measurement location where we do not have to calculate the controller frequency response.  Lets inject the excitation signal after the compensator (location d2) and measure the response at the node before the point of injection (location c).  Then from Table 2:
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	(equ.  11)


Where c is the complex measured response and d2 is the complex excitation signal magnitude.  If we define the injected excitation signal to be real (that is, the imaginary part of d2 is 0), then 
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	(equ.  12)


defines the math needed to calculate the open loop response at a given frequency.  

Now that we have described the mathematics needed to calculate the open loop response from the closed loop response, what remains to define is a technique to digitally generate the injected excitation signal and a technique to measure the loop response to the excitation signal.  To do both of these operations we need to generate a sine wave.  

Digital Sinewave Construction

An accurate and MIPs efficient method of generating a sine wave is by table look-up
.  Assume that a table exists in memory that holds one period of a sine wave.  For instance, the TMS320F280x family of microcontrollers has a table in ROM of 32-bit sine values that cover one cycle in 512 steps
.  Then you can generate a sine wave by stepping through the table with a step size that is proportional to the desired generated signal frequency.  At each sample time a new value is found from the table by adding the step offset to the previous index into the table.  When the new table index would point to a value beyond the end of the table the index is wrapped around to the beginning of the table by subtracting the table length from the calculated index value.  Very high frequency resolution can be obtained by maintaining the fractional part of the table index and then rounding or truncating to generate each looked up sample value.  The step offset for a given frequency Fmeas is defined as: 
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	(equ.  13)


The C code snippet below illustrates one technique of generating the table look-up sine values.  Note that since sine and cosine values always differ by 90 degrees, the sine values are produced by adding a fixed offset to the table index equal to 1/4 the table length.  To accommodate this method of generating the sine signal values, the ROM table in the TMS320F280x processor is actually 1.25 cycles long.


#define
QTR_TABLE_OFFSET
(512*2/4)
// *2 for long words

int32  phase = 0;

// Define phase as 16 bits integer and





// 16 bits fraction

int32  step; 

// Step is set in the command handler

int16  index, bcos, bsin;

phase += step;

// Get next sine sample index

phase &= 0x03FFFFFF;
// Force phase to wrap at 1023.9999






// since table contains 512 32b words.

index = phase >> 16;
// Use upper 16b word for table index.

bcos = sinTable[index];

bsin = sinTable[index + QTR_TABLE_OFFSET];

Response Measurement Implementation

The definition of a Discrete Fourier Transform (DFT) is
: 
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	(equ.  14)


This says that we can calculate the real and imaginary magnitude of the kth harmonic of a signal by multiplying the signal by a cosine and sine at that harmonic frequency.  Since we have already generated the sine and cosine sequences to inject the excitation into the system, the measurement calculation becomes very simple.  

uCosSum += u*bcos;
// Accumulate cosine



// sum for node u

uSinSum -= u*bsin;
// Accumulate sine



// sum for node u

One of the characteristics of the DFT formula is that only harmonics of the measurement interval are calculated.  By limiting the measurement frequencies to harmonics there will always be an integer number of cycles over the measurement interval.  (equ.  15) shows the harmonic frequencies that produce an integer number of cycles.
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	(equ.  15)


When a frequency is chosen that generates a non-integer number of cycles over the measurement interval, the DFT algorithm will spread the signal energy over several frequencies, resulting in an error in the calculated magnitude.  This phenomenon is called "leakage".  Leakage can be compensated for by applying a window function to the measurement signal before multiplying by the sine and cosine reference sequences.  There are several popular window functions
 that can be applied.  One window function that is a good compromise between complexity and sensitivity is the Triangular window shown in (equ.  16). 
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	(equ.  16)


Therefore the algorithm for measurement frequencies that are not harmonics is shown in (equ.  17).  This is not technically a DFT and is more correctly called a matched filter. 
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	(equ.  17)


An alternative to windowing is to adjust the measurement interval to guarantee an integer number of sine cycles.  In this case  
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	(equ.  18)


Where k is the number of cycles desired in the measurement interval.  

Scaling the Variables

Since most digital power supply applications use fixed point signal processing we need to set the range and scale of the injection and table indexing variables appropriately in order to maximize the numerical accuracy of the frequency response measurements.  The following description assumes a 16-bit processor capable of accumulating 32-bit sums, and further that a 16-bit by 16-bit multiply generates a 32-bit result of which the upper 16-bits are significant.

In practice the scale of the injection is fixed to be the same as the variable to which it is added.  The allowable range for its amplitude however is up to the designer.  Given the described 16-bit processor, if the amplitude of the injected excitation signal is allowed a full 16-bits, 2^15 or 32,768 product terms can be accumulated in the 32-bit sum before an overflow can occur (assuming all measurement points of interest (y, e, x, c, u, ...) are also stored as 16-bit variables).  If 2^15 samples is sufficient, there is no need for further consideration.  However if more accuracy is requited, decreasing the allowable amplitude of the injection will permit more product terms to be accumulated before an overflow is possible.   For example by limiting the injection to 10-bits, the number of terms in the sum could be increased by the saved 6-bits to 2^21 samples.  This would yield more precise results although a corresponding increase in measurement time would be incurred.

Next, the table index pointer and step size used to progress through the sine table are considered.  For this pair of variables, both the scaling and range can be set by the designer.  Given a fixed length sine table, the number of bits in the integer portion of the index can be fixed; for a 512 entry table, nine bits is sufficient to cover the range.  Allowing one more for sign leaves six fractional bits if the variables are set to be 16-bits.  While more than six fractional bits seems overkill for indexing into a short table, there is a good reason to consider even more precision.

As mentioned previously, a windowing function can be avoided if an integer number of cycles are injected.  This is most easily implemented by pre-calculating a number of injection samples which will meet the constraint.  However, computing the number of samples required for an integer number of cycles involves an inexact estimate of the ideal step size and because the index into the table is an accumulation of steps, any error in the estimate will also increase.  For example, consider injecting a 5kHz sine with samples generated at a 100kHz rate:  The step size is then 1/20th of the table or 512/20 which is 25.6.  The closest we can approximate the 0.6 fractional portion in 6 bits is 0b100110 which in decimal is 0.59375.  This 0.00625 error will accumulate each sample for the 2^15 sample run resulting in a error of 204.8 by the end of the injection.  This is almost half of the 512 entry table.  Changing the index to a 32-bit variable with the integer portion in the upper 16-bits and the fractional portion in the lower would reduce the error to less than 1 table entry.  Further, it would allow the step size to remain in 16-bits, and would simplify the indexing; using the upper word would eliminate the need for any shifting or rounding.
One final consideration with regards to this calculation is that because the steps and sums are completely deterministic (being generated in the processor from a known starting point) the number of points to accumulate can be calculated by an external test program and passed to (instead of being calculated by) the processor.  This same observation could be used to calculate any terms or sums which are solely dependent on the controller or the injected signal itself.  

Bode Analysis Design Tool

Texas Instruments has implemented these concepts in a PC based design tool for a digital telecom rectifier reference design.  The PC communicates to the power supply through an RS232 interface.  Commands are defined to select one of three loops in the power supply system:  The DC/DC output converter voltage loop, the power factor correction (PFC) current loop or the PFC voltage loop.  

To characterize the system an  injection node is selected and a response measurement note is selected.  Then the start frequency, stop frequency, number of frequency steps, injection amplitude, number of dwell samples and number of measurement samples is specified.  The the PC test program sends commands to the digital controller to make a frequency response measurement for each specified frequency.  At the end of each measurement the digital controller returns the two accumulated sine and cosine coefficients for that frequency and the PC program calculates the complex open loop transfer function and then plots the magnitude and phase for that frequency.

Since the power stage compensator is digital, the test program queries the digital controller for the compensator coefficients and then it calculates the exact frequency response of the compensator.  Once the compensator frequency response is known it is divided out of the open loop transfer function to calculate the transfer function for the plant (the analog power stage).  

Once these measurements and calculations are made, the user selects the frequency response of the power stage (controlled plant), the frequency response of the digital compensator, the frequency response of the open loop system or the frequency response of the closed loop system to be displayed.

After a Transfer Function Analysis (TFA) measurement has been made and the frequency response of the analog power stage is determined, the Bode Tool can be used to quickly explore the effect of changing the compensator coefficients.  And since the compensator is digital, the open loop and closed loop response that that tool predicts are nearly identical to what is measured once the new coefficients are downloaded to the controller.  

To facilitate working with the digital compensator coefficients, the Bode Tool program allows the coefficients to be manipulated in one of three ways

1. The digital coefficients can be entered directly.

2. The coefficients can be modified by adjusting slider controls which modify the coefficients expressed as proportional, integral and differential (PID) gains.

3. The digital coefficients are converted to the equivalent analog polynomial and the poles, zeros and gain are displayed in editable text boxes. 

When a change is made, for instance by moving frequency of one of the zeros, the effect on the open loop transfer function, and therefore on phase margin, gain margin and bandwidth is immediately displayed. 

Summary

A technique has been presented that uses a digital controller to perform the signal processing necessary to measure the transfer function for a power supply.  This technique digitally generates a sine wave, injects this excitation signal into the feedback loop, and then measures the response by employing a measurement technique based on the Discrete Fourier Transform.  The technique is efficient in its use of memory and MIPs and has very good SNR characteristics if the right nodes are chosen for injecting the excitation signal and making the response measurement.  

Screen shots are shown for a PC test program that can be used to assist the designer in choosing the digital compensation confidents.  However, it should be apparent that this test program just scratches the surface of the possible uses of techniques like this.  

This capability opens up the possibility of moving the measurement and calculation of loop compensation from the designer's lab bench to the factory floor, or to the end customer's application.
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Figure � SEQ Figure \* ARABIC �6� Bode Plot for just the converter power stage 
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Figure � SEQ Figure \* ARABIC �3� Open-loop transfer function





Figure � SEQ Figure \* ARABIC �4� Transfer gains





Figure � SEQ Figure \* ARABIC �5� Open Loop Bode Plot for DC/DC converter
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